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Many materials including dyes, blood at low shear rate, ketch-
up, shampoo, certain paints, lubricants, mud, and personal care
products exist which violate Newton’s expression of viscosity.
These materials are called the non-Newtonian ﬂuids. The ﬂows
of non-Newtonian ﬂuids have pivotal role in polymer devolat-
isation, bubbles columns, fermentation, composite processing,
boiling, plastic foam processing, bubbles absorption etc. It is
known that all the non-Newtonian ﬂuids cannot be addressed
by using single constitutive expression between stress and shear
rate. Hence much attention has been devoted to study the dif-0642172, +92 0336 5456085.
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2.009ferent models of non-Newtonian ﬂuids. In general, the encoun-
tered equations for non-Newtonian ﬂuids are more complex
and nonlinear in comparison to the Navier–Stokes equations.
In spite of all these challenges, the range of existing studies in
different non-Newtonian ﬂuids is very large. A broad descrip-
tion of the behavior in both steady and unsteady ﬂows, together
with different ﬂuid models can be found, for example, to men-
tion a few, in the recent studies [1–10].
The boundary layer ﬂow induced by a stretching surface
has been the focus of extensive attempts during the past few
decades in view of its broad range of applications in the
polymer extrusion, in a melt spinning processes, aerodynamic
extrusion of plastic sheets, glass ﬁber production, the cooling
and drying of paper and textiles, water pipes, sewer pipes,
irrigation channels, blood vessels etc. In addition, the radiative
effect has a central role on ﬂows in space technology and engi-
neering processes operating at high temperatures. Speciﬁcally
in polymer industry, if the entire system involving the polymer
extrusion process is placed in a thermally controlled environ-gyptian Mathematical Society. Open access under CC BY-NC-ND license.
380 T. Hayat et al.ment, then radiative inﬂuence is useful in controlling heat
transfer processes. In such way the thermal radiative effect in
the system leads to a ﬁnal product of desired quality.
Literature survey reveals that extensive work related to two-
dimensional boundary layer ﬂow has been reported under di-
verse aspects of MHD, porous medium, non-Newtonian ﬂuids,
heat and mass transfer, suction/injection etc. (see few very
recent studies [11–15]).
In all the studies previously mentioned, the situation of
three dimensional boundary layer ﬂow is not well documented.
Very less work is presented in this direction in the studies
[16–20]. Our interest in the present investigation is to discuss
the thermal radiation effect on the MHD three-dimensional
ﬂow of Eyring-Powell ﬂuid [21,22]. The considered ﬂuid model
is more complex and has preference over the power law ﬂuid in
the two folds. Firstly, it is deduced from kinetic theory of
liquid rather than the empirical relation as in the case of
Power–law model. Secondly, it correctly reduces to Newtonian
behavior at low and high shear rates. The relevant mathemat-
ical modeling is developed and the problem formulation is
completed. We computed the solution by utilizing the proﬁ-
cient technique HAM [23–26]. Present solution is compared
with the previous results. The inﬂuence of rheological param-
eters is displayed and discussed.
2. Mathematical analysis
Consider 3-D ﬂow of Eyring-Powell ﬂuid caused by a non-con-
ducting stretching wall. The ﬂuid is electrically conducting in
the presence of an applied magnetic ﬁeld B= {0, 0, B0}. More-
over radiation effects are taken into account. The Cauchy
stress tensor T in an Eyring-Powel ﬂuid can be written as
T ¼ pIþ s ð1Þ
qai ¼ $pþ $  ðsijÞ þ rJ B ð2Þ
where extra stress tensor sij in an Eyring-Powell ﬂuid model
[21,22] is
sij ¼ l @ui
@xj
þ 1
b
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1
c
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@xj
 
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Here b and c are the characteristics of the Eyring-Powell ﬂuid,
p the pressure and I the identity tensor. Considering
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conservation laws of mass, momentum and energy give
ux þ vy þ wz ¼ 0 ð5Þ
uux þ vuy þ wuz ¼ mþ 1bcq
 
uzz  rB
2
0
q
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2bc3q
ðuzÞ2uzz;
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 
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2
0
q
v 1
2bc3q
ðvzÞ2vzz; ð7Þ
uTx þ vTy þ wTz ¼ kqcp Tzz þ
16rT31
3kqcp
Tzz: ð8Þ
In above expressions u, v and w are the velocity components in
x, y and z directions respectively, l the dynamic viscosity, r the
electrical conductivity of the ﬂuid, k* the Rosseland meanabsorption coefﬁcient, cp the speciﬁc heat, r
* the Stefan-Boltz-
man constant, k the thermal conductivity, q the density, T the
ﬂuid temperature and T1 the free-stream temperature.
The boundary conditions of the present problem are
uð0Þ ¼ uwðxÞ ¼ ax; vð0Þ ¼ vwðyÞ ¼ by;
wð0Þ ¼ 0; Tð0Þ ¼ Tw; u! 0; v! 0;
uz ! 0; vz ! 0; T! T1; as z!1: ð9Þ
Eqs. (5)–(8) may be reduced to dimensionless form by selecting
the following new variables
g ¼
ﬃﬃﬃﬃﬃﬃﬃ
a=m
p
z; u ¼ axf0ðgÞ; v ¼ ayg0ðgÞ;
w ¼  ﬃﬃﬃﬃﬃamp fðgÞ þ gðgÞf g; hðgÞ ¼ T T1
Tw  T1 : ð10Þ
Now the incompressibility condition (5) is identically satisﬁed
and Eqs. (6)–(8) turn into the following expressions
ð1þ Þf000  ðf0Þ2 þ ðfþ gÞf00  d1ðf00Þ2f000 M2f0 ¼ 0; ð11Þ
ð1þ Þg000  ðg0Þ2 þ ðfþ gÞg00  d2ðg00Þ2g000 M2g0 ¼ 0; ð12Þ
1þ 4
3Nr
 
h00 þ Prðfþ gÞh0 ¼ 0; ð13Þ
fð0Þ ¼ 0; gð0Þ ¼ 0; f0ð0Þ ¼ 1; g0ð0Þ ¼ c; hð0Þ ¼ 1;
f0ð1Þ ¼ 0; g0ð1Þ ¼ 0; f00ð1Þ ¼ 0;
g00ð1Þ ¼ 0; hð1Þ ! 0; ð14Þ
in which e, d1 and d2 are the ﬂuid parameters, M denotes the
magnetic parameter, Nr the radiation parameter and Pr the
Prandtl number. These are given by
 ¼ 1
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We point out that the 2-D case is recovered for c= 0. The ex-
act solution of Eqs. (11)–(14) for the two-dimensional case
(g= 0= c= d1) can be written as
fðgÞ ¼ 1 expðmgÞ
m
; m ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þM
1þ 
r
; ð16Þ
hðgÞ ¼ exp Pr
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3Nr  g
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
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where 1F1 are the conﬂuent hypergeometric functions.
The surface heat transfer h0(0) is
h0ð0Þ ¼ @h
@z

z¼0
: ð18Þ
Now for three-dimensional case we solve Eqs. (11)–(13) along
with the boundary conditions (14) by using homotopy analysis
method. We choose auxiliary parameters ⁄f,⁄g and ⁄h for the
functions f, g and h respectively. Such auxiliary parameters
have a pivotal role in adjusting the convergence of the
obtained series solutions. We have plotted ⁄-curves in Figs.
1–3 to obtain the permissible values of these auxiliary param-
Figure 1 ⁄-Curve of f.
Figure 2 ⁄-Curve of g.
Figure 3 ⁄-Curve of h.
Figure 4 Comparison of HAM and exact solutions (Eq. (17)).
Solid line: Exact solutions. Filled circles: HAM solutions.
Figure 5 Velocity ﬁeld f0 for Newtonian and Eyring-Powell
ﬂuids.
Figure 6 Velocity ﬁeld g0 for Newtonian and Eyring-Powell
ﬂuids.
Radiative effects in a three-dimensional ﬂow of MHD Eyring-Powell ﬂuid 381eters. It is found that range for admissible values of ⁄f,⁄g and
⁄h are 0.9 6 (⁄f, ⁄g) 6 0.2 and 1.1 6 ⁄h 6 0.3. It isnoticed that series solutions converge in the whole region of
g(0 < g <1) for ⁄f,⁄g and ⁄h = 0.6.
Figure 7 Temperature ﬁeld h for Newtonian and Eyring-Powell
ﬂuids.
Figure 8 Effects of c on f0.
Figure 9 Effects of c on g0.
Figure 10 Effects of M on f0.
Figure 11 Effects of M on g0.
Figure 12 Inﬂuence of e on f0.
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Here Figs. 4–15 are shown for the description of involved
parameters on the obtained solutions f0,g0 and h respectively.Fig. 4 shows the comparison between HAM and exact
solutions for temperature proﬁle h. The different values of Pr
in the limiting cases are employed. It is noticed that the two
solutions are in a good agreement. Figs. 5–7 explain the
velocity and temperature proﬁles in case of Newtonian and
Figure 13 Inﬂuence of e on g0.
Figure 14 Inﬂuence of M on h.
Figure 15 Inﬂuence of Nr on h.
Table 1 Validity of solutions when c= 0.5,
M= 1.0 = Pr = e, d1 = 0.2 = d2 and Nr= 10/3.
Approximations f00(0) g00(0) h0(0)
1 1.066666667 0.4822916667 0.6850000000
5 1.074746246 0.4831631320 0.5987982899
10 1.074754128 0.4831626420 0.5958981840
15 1.074754133 0.4831626419 0.5958621556
20 1.074754133 0.4831626419 0.5958621279
25 1.074754133 0.4831626419 0.5958621215
30 1.074754133 0.4831626419 0.5958621215
40 1.074754133 0.4831626419 0.5958621215
50 1.074754133 0.4831626419 0.5958621215
Table 2 Comparison of HAM results with previous published
results.
c f00(0) g00(0)
Present
results
Ref.
[16]
Ref.
[16]
Present
results
Ref.
[16]
Ref.
[16]
0.0 1.0 1.0 1.0 0.0 0.0 0.0
0.5 1.093095 1.088662 1.093095 0.465204 0.476290 0.465204
1.0 1.173720 1.178511 1.173720 1.173720 1.178511 1.173720
Table 3 Heat transfer h0(0) for some values ofM, Pr, Nr and
e when c= 0.5.
M Pr Nr e h0(0)
0.0 1.0 3.33 1.0 0.65496
0.7 0.62357
1.5 0.54949
1.0 0.5 0.36597
1.0 0.59586
1.5 0.78096
1.0 1.0 0.41365
3.0 0.58315
5.0 0.63796
3.33 0.0 0.51178
0.7 0.57725
1.5 0.61980
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of velocity is larger in case of Eyring-Powell ﬂuid when com-
pared to the Newtonian ﬂuid. Moreover opposite trend for
the velocity and temperature ﬁeld is noticed. Figs. 8 and 9 elu-
cidate the effects of stretching ratio c on f0 and g0. It is observedthat f0 and g0 have opposite behavior by increasing c. It is also
found from Fig. 9 that two-dimensional case (g= 0) is ob-
tained at c= 0. Figs. 10 and 11 show the variation of magnetic
parameter on obtained solutions for velocity. These ﬁgures de-
scribe that magnetic ﬁeld cause a decrease in the magnitude of
velocity components f0 and g0. Physically magnetic ﬁeld raises
the ﬂuid’s apparent viscosity up to the point of becoming an
elastic solid. Signiﬁcantly, by changing magnetic ﬁeld, the
stress of ﬂuid can be managed. The outcome of which is that
the ﬂuid’s ability to transmit force can be controlled with the
help of an electromagnet, which gives rise to its many possible
control-based applications including MHD power generation,
electromagnetic casting of metals, MHD ion propulsion etc.
Effects of e on f0 and g0 can be pointed out through Figs. 12
and 13. It is observed that f0 and g0 are the increasing functions
of e. Inﬂuence of M on temperature ﬁeld h are pottered in
Fig. 14. The temperature ﬁeld h and associated thermal bound-
ary layer increase when M increases. Fig. 15 presents the
384 T. Hayat et al.effects of Nr on h. There is a decrease in temperature ﬁeld h
when Nr is increased.
Table 1 aims about the validity of the obtained solution. It
is noted that 15th order of approximations are enough. Table 2
presents the values of f00(0) and g00(0) for the various values of
stretching parameter c in order to compare the obtained re-
sults. It is seen that the present analytic solution is in a nice
agreement with previous results in a limiting case. In Table
3, numerical values of surface heat transfer h0(0) are com-
puted for various values of M, Pr, Nr and e. The magnitude
of surface heat transfer h0(0) is an increasing function of
Pr,Nr and ewhereas it decreases for large values of M.
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